known in physics as "renormalization." Today, some forty years later,
this problem is only partially understood. But mathematical progress
has helped make quantum field theory approachable and has led to a
formulation we believe will succeed. This formulation involves general-
ization of both the differential calculus and the integral calculus to the
case in which the unknown functions depend on an infinite number of
variables.

In the usual calculus, one differentiates and integrates functions
f(x), where a: is a point in a finite dimensional space. The generalization
is to consider the mathematics of functions f(x) where the variable x
has infinitely many coordinate directions. The subject in which one
differentiates or integrates functions of an infinite number of coordinate
directions is called the "functional calculus."

The differential functional calculus can be traced to the work of the
famous Italian mathematician Vito Volterra, in his study early this cen-
tury of general partial differential equations. Extensive developments of
these ideas have continued ever since, and the field of functional analysis
remains central for understanding physics.

In recent years the integral functional calculus has also played a
major role. The original ideas in this field appeared in the theory of
probability, as developed by Norbert Wiener. He abstracted the notion
of integrals of functional in an attempt to understand diffusion and
Brownian motion. In this way, Wiener could represent the solution to
the heat diffusion equation as an integral over classical particle trajec-
tories. In physics a related point of view emerged from work of P. A. M.
Dirac and R. Feynman in the 1940s, and today it is known in physics as
the "sum over histories" approach to quantum theory. The connection
between these two ideas has led to an understanding of how Wiener's
integral fits into modern physics. It also opened up the mathematical
development of "functional integrals," starting in the 1950s, by M. Kac,
I. Gelfand, and many others.

The functional calculus eventually has been developed in recent
times to the point that it could be used to tackle quantum field theory
and the infinities of renormalization. In its modern form, this relatively
new area of mathematics and physics has become known as "constructive
field theory.".
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